Abstract. For a dominant algebraically stable rational self-map of the complex projective plane of degree at least 2, we will consider three different definitions of the Fatou set and show the equivalence of them (Ascoli-Arzelà type theorem). As a corollary, it follows that all Fatou components are Stein. This is an improvement of an early result by Fornaess and Sibony.
Introduction
The study of complex dynamics in higher dimensions has been developed intensively, but some early papers such as [FS] are still helpful for recent studies. In those papers, the dynamics of rational self-maps of the complex projective spaces are studied, and several fundamental theorems concerning the Fatou set and the Julia set are contained there.
In this paper, we will improve two theorems which are contained in [FS] (Theorem 5.2 and Theorem 5.7). When we compare rational maps of P 2 with those of P 1 , one of the remarkable differences is that those of P 2 possibly have indeterminacy points. If we want to generalize the Fatou-Julia theory to dimension two, we have to find a suitable way to define the Fatou set and the Julia set paying attention to indeterminacy points. So, in this paper, for an algebraically stable rational self-map f of P 2 of degree at least 2, we will consider several different definitions of the Fatou set and show the equivalence of them (Ascoli-Arzelà type theorem). One of them is the standard; that is, it is based on local equicontinuity of the iterates of f , i.e. Lyapunov stability. The others are more complex analytical. They are based on notions of normal family for meromorphic maps. Throughout this paper, we often use Ivashkovich's theorems in [I] and Fornaess-Sibony's theorems concerning Green currents in [S] . Particularly, by using Ivashkovich's result on domains of normality for families of meromorphic maps, we can show that all Fatou components for f are Stein manifolds. 
Preliminaries
We denote by P k the complex projective space of complex dimension k ≥ 1 and we equip the Fubini-Study distance with P k . By definition, there is a projection
which is a C * -bundle over P k , where O denotes the origin of C k+1 . By definition, a rational self-map f of P k is lifted by π to a polynomial self-mapf of C k+1 which is of the formf
where P i , 0 ≤ i ≤ k, are homogeneous polynomials which have the same degree and have no common factors. The degree deg(f ) of f is defined to be the degree of 
Definition 2.1 ([S]
). We say that f is algebraically stable (AS for short) if f −1 (I(f n )) contains no complex hypersurface in P k for all n ≥ 1. This is equivalent to the condition that deg(f n ) = (deg(f )) n for all n ≥ 1. (In other words, for all n ≥ 1, there are no common factors of the component functions forf n .)
Remark 2.2. In the case when f is AS,
Let ω denote the normalized Fubini-Study (1, 1) form in P k and let f be an AS rational self-map of
as n → ∞ in the sense of currents, where T is a positive closed (1,1) current such that f * (T ) = dT ( [S] ). We call T the Green (1,1) current for f . The current T is of the form
where v is an integrable function in P k . Let us note that for any m ≥ 1, the map f m is holomorphic in the complement of the closure of n≥1 I(f n ).
Definition 2.3. We define the Fatou set F to be the maximal open subset of
The support of T is extremely related to J. In particular, the following equality is known.
Theorem 2.4 ([FS], [U]). In the case when f is holomorphic, J = supp(T ).
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Results
Here we will show our theorem. Let us begin with preparing some notions.
Definition 3.1 ( [I] ). Let X, Y be complex manifolds. Let {g n } n≥1 be a sequence of meromorphic maps from X to Y . Let Γ n ⊂ X × Y denote the graph of g n . Let g : X → Y be a meromorphic map and let Γ ⊂ X × Y denote the graph of g.
(i) We say that {g n } n≥1 strongly converges to g in X if for any compact set
with respect to the Hausdorff metric. (ii) We say that {g n } n≥1 weakly converges to g in X if there is an analytic subset A ⊂ X of codim C A ≥ 2 such that {g n } n≥1 strongly converges to g in X \ A.
Remark 3.2. The definition of strong convergence above is slightly modified from the original one in [I] . It is only a name change.
By using these two notions of convergence, we can introduce notions of normality for a sequence of meromorphic maps in the strong and weak senses; that is, we say that a sequence {f n } of meromorphic maps from X to Y is strongly (resp. weakly) normal if for any subsequence {f n j } of {f n }, there is a subsequence of {f n j } which converges in X in the strong (resp. weak) sense. Thus, for the iterates of a rational self-map of P 2 , we can define the strong (resp. weak) Fatou set F s (resp. F w ) as the maximal open subset of P 2 on which the iterates is strongly (resp. weakly) normal. Now we can state our main theorem: Theorem 3.3 (Ascoli-Arzelà type theorem). Let f be a dominant AS rational self-map of P 2 of degree at least 2. Then,
To show this, we need the following theorems, which are contained in Ivashkovich's paper [I] .
Theorem 3.4 ([I]). Let f be a rational self-map of P
2 . Then, the following (i) and We also need the following two theorems, which come from the study of dynamics using pluripotential theory. In particular, Theorem 3.8 will play a crucial role.
Theorem 3.6 ([S]). Let T be the Green (1,1) current for a dominant AS rational
self-map f of P k of degree at least 2. Then, F ⊂ P k \ supp(T ).
KAZUTOSHI MAEGAWA
Remark 3.7. We can easily obtain a slightly modified version of this. That is, if a subsequence {f
Let K be a closed set in P k and let S be a positive current in P k \ K with locally bounded mass near K. The trivial extension of S to P k is obtained by setting the coefficients of S to be 0 on K. (Note that the coefficients of S are complex measures.)
Theorem 3.8 ([S]). Let T be the Green (1,1) current for a dominant AS rational self-map f of P k of degree at least 2. Then, T does not charge on any complex hypersurface V ; i.e., T is equal to the trivial extension of
Proof of Theorem 3.3. By definition, it is easily shown that
n is not holomorphic at p for ∀n ≥ m. By the Rouché principle (Theorem 3.5), ψ is also not holomorphic at p. This is a contradiction. So,
. Since I(ψ) ∪ A is discrete, the local potential function for T should be pluriharmonic in U w . Hence, it follows that U w ⊂ P 2 \ supp(T ). Thus, F w ⊂ P 2 \ supp (T ) . Suppose that F s = F w . By (ii) in Theorem 3.4, F w ⊃ P 2 \ C, where C is a rational curve. Hence, C ⊃ supp (T ) . However this is impossible because T does not charge on C (Theorem 3.8). Thus, it follows that F s = F w .
Let us show that F = F s . Let U s be a connected component of F s . Let {f n k } k≥1 be any subsequence of {f n } n≥1 which strongly converges in U s . Denote the limit map by φ and let I(φ) be the indeterminacy set for φ. In the same way as we have done above, it follows that U s ⊂ P 2 \ supp (T ) . Suppose that I(φ) is nonempty and take q ∈ I(φ). By the Rouché principle and Remark 2.2, there is an integer m ≥ 0 such that f m (q) ∈ I(f ). So, it follows that q ∈ supp(T ) since the Lelong number for T at q must be strictly positive (this can be shown by the assumption that f is AS). This is a contradiction to U s ⊂ P 2 \ supp(T Proof. By (i) in Theorem 3.4 and the equalities in Theorem 3.3, it follows that F is pseudoconvex. It is known that any pseudoconvex domain in P k , which is not P k , is Stein (see [T] ). So, it follows that F is Stein.
Remark 3.10. It is known that F ⊂ P 2 \supp(T ) (Theorem 3.6). However, we cannot expect the equality because there is an example for which F = P 2 \ supp (T ) . See Example 2 in [RS] .
As a consequence of Corollary 3.9, the connectivity of the Julia set follows. It is a common property of pseudoconcave sets in P k .
Corollary 3.11. Let f be a dominant AS rational self-map of P 2 of degree at least 2. Then, the Julia set J is connected.
Proof. The proof is valid in the same way as in Theorem 5.2 in [FS] . , the set F is smaller than P 2 . In fact, F = P 2 \ π({xyz = 0}). In this paper, we dealt only with AS rational maps on P 2 . It seems interesting to extend our theorem to some meromorphic maps on the other surfaces (manifolds).
